Suppose that p is 3, 5 or 7. In this paper, faithful permutation representations of maximal p-local subgroups are constructed, and the radical p-chains of the Baby Monster B are classified. Hence, the Alperin weight conjecture and the Uno reductive conjecture can be verified for B, the latter being a refinement of Dade's reductive conjecture and the Isaacs-Navarro conjecture.
Introduction
Recently, Isaacs and Navarro [12] proposed a new conjecture that is a refinement of the Alperin-McKay conjecture, and Uno [15] raised an alternating sum version of the conjecture that is a refinement of the Dade conjecture [9] .
Dade's reductive conjecture [9] has been verified for all of the sporadic simple groups except Fi 24 , B and M. The use of computer algebra systems, (namely Magma [6] and GAP [10] ) to study permutation (or in some cases matrix) representations of the groups has been a central step of the program. Since the smallest faithful permutation representation of B has degree 13 571 955 000, it is difficult to verify the conjecture directly. However, from the classification [16] of maximal p-local subgroups of B, we know that when p is equal to 3, 5 or 7, the normalizer of each radical p-subgroup of B is a subgroup of one of precisely thirteen maximal p-local subgroups. Thus we can classify radical chains in these maximal subgroups without performing any calculation in B.
In this paper, we construct a faithful permutation representation for each maximal p-local subgroup. We then classify radical chains, and hence verify the Alperin weight conjecture and Uno's refinement of Dade's reductive conjecture for B.
The paper is organized as follows. In Section 2, we fix the notation, state the conjectures in detail, and state three lemmas. In Section 3, we explain how to construct faithful permutation representations of the thirteen maximal p-local subgroups. In Section 4, we recall the modified local strategy [4, 5] ; we also explain how we applied it to determine the radical subgroups of each maximal subgroup, and how to determine the fusion of the radical subgroups in B. In Section 5, we classify radical p-subgroups of B, and verify the Alperin weight conjecture. In Section 6, we do some cancellations in the alternating sum of Uno's conjecture, and then determine radical chains (up to conjugacy) and their local structures. In the last section, we verify Uno's projective conjecture for B.
Lemma 2.2. Suppose that Q is a p-subgroup of G. Then Q is radical in G if and only if N G (Q) M and Q is radical in M for some maximal p-local subgroup M of G.

Lemma 2.3. If Q is a p-subgroup of a finite group G, then there is a radical p-subgroup R such that
Q R and N G (Q) N G (R).
Proof. This follows by [2, Lemma 2.1].
Construction of permutation representations of maximal p-local subgroups
We will follow the notation of [7] . In particular, if p is odd, then p 1+2γ = p 1+2γ + is an extra-special group of order p 1+2γ with exponent p, and if δ = + or δ = −, then 2 1+2γ δ is an extra-special group of order 2 1+2γ with type δ. If X and Y are groups, we use X.Y , X . Y and X:Y to denote an extension, a nonsplit extension and a split extension of X by Y , respectively. Given a positive integer n, we use p n to denote the elementary abelian group of order p n , n to denote the cyclic group of order n, D 2n to denote the dihedral group of order 2n, and SD 2n to denote the semidihedral group of order 2n.
The subgroups of 2 . B that we need to construct are given in Table 1 .
The general strategy in most cases is to make appropriate subgroups of the Monster first, and to centralize a suitable involution to get the desired subgroup of 2 . B. We can then quotient by the central involution to obtain the corresponding subgroup of B. Many of the groups required are subdirect products, and are thus easy to construct from representations of the constituent groups. For example, to make (7:3 × He):2 we first make the Frobenius group 7:6 generated by the permutations a = (1, 2, 3, 4, 5, 6, 7) and b = (1, 3, 2, 6, 4, 5), and He:2 generated by two permutations c and d on 2058 points. Since a and c are in the respective subgroups of index 2, while b and d are not, we see that ac and bd together generate the desired group (7:3 × He):2 acting on 7 + 2058 = 2065 points. Inside this group, we then find the involution centralizer by standard methods, and obtain (7:3 × 2 2. L 3 (4) .2).2 as the required subgroup of 2 . B. Taking the quotient by the central involution, we obtain the corresponding subgroup (7:3 × 2 . L 3 
(4).2).2 of B.
Similarly, we construct the affine group 7 2 :(3×2S 4 ) < 7 2 :GL 2 (7) as a permutation group on forty-nine points, and L 2 (7):2 as a permutation group on eight points. Thus we obtain the direct product acting on fifty-seven points, and its subgroup (7 2 :(3×2A 4 )×L 2 (7)).2 of index 2 in the same way as above. By centralizing an involution in the L 2 (7) subgroup we obtain the required subgroup (7 2 :(3 × 2A 4 ) × D 8 ).2 of 2 . B, and its quotient (7 2 :(3 × 2A 4 ) × 2 2 ).2 in B. This completes the construction of the maximal 7-local subgroups of B and 2 . B.
Next consider the 5-local subgroups. We can make (D 10 × HN).2 as a subdirect product on 5 + 1 140 000 points, and we centralize an involution to get (D 10 × 2 . HS:2).2 and its quotient 5:4 × HS:2. However, these permutations are rather large, so we actually made the group directly as a subdirect product of 5:4 and 4 . HS:2. Note that there is an outer element of (D 10 × 2 . HS:2) . 2, which acts as the outer automorphism of 2 . HS:2 (multiplying elements outside 2 . HS by the central involution) and squares to the product of an involution in the D 10 and the central involution of 2 . HS.
Similarly, we make 5 1+6 :2 . J 2 .4 by following the instructions in [14] for making groups of extraspecial type. Specifically, we make a matrix representation in eight dimensions over GF (5) Finally for p = 5, we find that 5 3. L 3 (5) is isomorphic to a subgroup of the Lyons group, for which generators are available [17] as 111 × 111 matrices over GF (5) . This can be converted to a permutation representation on 7750 points, by permuting a suitable orbit of vectors in a suitable subquotient of this representation. As there is no double cover of L 3 (5), the corresponding subgroup of 2 . B is a direct product 2 × 5 3. L 3 (5) . This concludes the construction of the maximal 5-local subgroups.
We next take 3 . Fi 24 acting on 3 × 306 936 points from [17] , and centralize an involution to get (S 3 × 2Fi 22 ).2. Its quotient S 3 × Fi 22 :2 is a direct product; it is thus easily constructed as a permutation group on 3 + 3510 points.
For the next group, we could take 3 1+12 :2 . Suz:2 as constructed in [14] , and convert it into permutations on 3 13 4 × 2), being the normalizer of a 3B-pure 3 2 generated by the centre and one other element of 3 1+8 . We then go to work in the centralizer of an S 4 to find an element swapping the two generators for the 3 2 . First we centralize a suitable involution in the S 4 , to get a group (2 2 × F 4 (2)):2, and then we centralize an element of order 4 squaring to this involution, to get a group 4 × 2 F 4 (2). In here, we find by random search, an involution that extends our 3 2 to A 6 , in which it is easy to find the involution that we are seeking. This involution now extends the group 3 2 . [3 9 ].(S 4 × 2 × S 3 ) to the maximal subgroup 3 2 .3 3 .3 6 .(S 4 × 2 . S 4 ) of B, which we are seeking.
To construct a suitable permutation representation, we find a subgroup of order 2 5 .3 5 centralizing an involution, and permute the 2 2 .3 8 = 26244 images of a fixed vector of this subgroup. To construct the double cover, observe that we need only to cover the quotient S 4 , which we can do by taking a subdirect product with the group 2 . S 4 ∼ = GL 2 (3) acting on eight points.
A local subgroup strategy and fusions
From [16] , we know that each radical p-subgroup R of B is radical in one of the conjugates M of maximal p-local subgroups constructed in Section 3 and, further, N B (R) = N M (R).
In [4] and [5] , a (modified) local strategy was developed to classify the radical psubgroups R. We review this method here. Suppose that M is a subgroup of a finite group
Step (1) We first consider the case where
Choose a subgroup X of M. We explicitly compute the coset action of M on the cosets of X in M; we obtain a group W representing this action, a group homomorphism f from M to W , and the kernel K of f . For a suitable X, we have K = Q, and the degree of the action of W on the cosets is much smaller than that of M. We can now directly classify the radical p-subgroup classes of W (or apply Step (2) below to W ), and the preimages in M of the radical subgroup classes of W are the radical subgroup classes of M.
Step (2) Now consider the case where M is not p-local. We may be able to find its radical p-subgroup classes directly. Alternatively, we find a (maximal) subgroup K of M such that N K (R) = N M (R) for each radical subgroup R of M. If K is p-local, then we apply Step (1) to K. If K is not p-local, we can replace M by K, and repeat Step (2).
Steps (1) and (2) constitute the modified local strategy. After applying the strategy, we list the radical subgroups of each M, and then do the fusions as follows.
Suppose that R is a radical p-subgroup of M. Using the local structure, we can determine whether or not N M (R) is a subgroup of another maximal subgroup M . Suppose that N M (R) is a subgroup of M . By Lemma 2.3, there is a radical subgroup R of M such that R R and N M (R) N M (R ). Using the local structure, we can determine whether or not R is radical in M , and if so, we can identify R with a radical subgroup R of M . Some details are given in the proof of Proposition 5.1.
The computations reported in this paper were carried out using Magma V2.10-6 on a Sun UltraSPARC Enterprise 4000 server.
Radical subgroups and weights
Let R 0 (G, p) be a set of representatives for conjugacy classes of radical p-subgroups
Let 
, where R is viewed as a subgroup of the covering group 2.B. Proof. Case (1) Suppose that p = 7. By [16, Section 7] , B has two non-trivial radical 7-subgroups, 7 and 7 2 , with local structures given by Table 2 .
Case (2) Suppose that p = 5. By [16, Theorem 6.4] , B has four maximal 5-local subgroups: We may take Since B has exactly two classes, 5A and 5B, of elements of order 5 and |N(5A)| 5 = 5 4 , it follows that a generator of C M 2 (5 1+4 + ) is in a 5B-class, and so we may suppose that Case (3) Suppose that p = 3. By [16, Theorem 5.7] , B has seven maximal 3-local subgroups:
We first classify the radical subgroups of each M i , applying the modified local strategy, and do the fusions in B using Lemmas 2.3 and 2.2.
Case (3.1) We may take Another radical subgroup Q of M 2 also has order 3 12 and 2 and Q is radical in B. We may take 4) and
Case (3.3) M 3 has 4 classes of radical subgroups; one of them, R, has order 3 11 with Another radical subgroup Q of M 3 also has order 3 11 and
is generated by a 3B-element and we may suppose that N M 3 (Q) M 1 . By the local structures, we can identify Q with 3 1+8 + .3 2 . We may take 5) and
Case (3.4) The fusions in B of the radical subgroups of M 4 with subgroups in other R 0 (M i , 3) can be done similarly to that of Case (3.2). We may take 6) and
Case (3.5) M 7 has six classes of radical subgroups R, three of which have centralizer 11 . So a generator of Z(R) is a 3B-element, and we may suppose that N M 7 (R) M 1 . By (5.3) and the local structures, we find that one of the subgroups R is conjugate to 3 1+8 .3, and the other two are not radical in B.
A radical subgroup Q of M 7 has order 3 9 and
is 3B-pure, and by [16, Theorem 4.4] , 
and
Moreover,
Case ( Table 4 .
Note that R = 3 2 is 3A-pure, so that
, B has a unique class of elementary abelian groups of order 3 6 containing 3A-elements, and so
Since the commutator subgroup
and by Lemma 2.2 and (5.3), none of them is radical in B.
Suppose that R = 3×3 5 :3
Since (3 × 3 3+3 ) = 3 3 is 3B-pure, N B (R) B M 4 and, by (5.6), R is non-radical in B. 
(5.10)
, we may suppose that R = 3 2 × 3 1+4 M 5 . Now R = 3 is 3B-pure, and so N B (R) B N(3B) and R is not radical in B.
It follows that
Thus the radical 3-subgroups of B are listed in Table 3 , and the centralizers and normalizers are given by Magma. [11, p. 387] .
the set of p-blocks with a non-trivial defect group, and let Irr + (G) be the characters of Irr(G) with positive p-defect.
If a defect group D(B) of B is cyclic, then Irr(B) is given by
In the notation of [7, p. 208 
Irr(B i ) .
Irr(B i ) . 
In addition, letĜ = 2.B and let ξ be the faithful linear character of Irr(Z(Ĝ)). If p ∈ {3, 5, 7}, then there is a unique p-blockB ofĜ such thatB covers the block B(ξ ) and the defect group D(B) is non-cyclic. In the notation of [7, p. 218 192, 193, 197, 202, 205, 206, 207, 208, 222, 225 
and (B) is 24, 33 or 31 when p is 7, 5 or 3. 
Proof. If B ∈ Blk(G, p) is non-principal with D = D(B), then Irr 0 (C(D)D/D) has a non-trivial character θ and N(θ)/C(D)D is a p -group, where N(θ) is the stabilizer of θ in N(D)
where If p = 3 and B ∈ {B 1 , B 2 , B 3 }, then the non-trivial elements of D(B) are of type 3A, and C(3A) = S 3 × Fi 22 :2, so that b = B 0 (S 3 ) × b for some b ∈ Blk(Fi 22 :2) with cyclic defect group 3, where b ∈ Blk(S 3 × Fi 22 :2, B). Now 
where | Irr 0 (G)| is 63, 45 or 9 when p equals 7, 5 or 3.
The set Irr(B) is also determined using the method of central characters, and (B) is given by (5.12) with G replaced byĜ, where 7 (Ĝ) = 220, 5 (Ĝ) = 189 and 3 (Ĝ) = 139.
.B, and let B be a p-block of G with a non-cyclic defect group. If p 3, then the number of B-weights is the number of irreducible Brauer characters of B.
Proof. We may suppose that p is 3, 5 or 7. If B = B 0 orB, then Suppose that p = 7. Then | Irr(N B (7 2 )/7 2 )| = 69, B has sixty-nine weights of the form (7 2 , ϕ), twenty-four of which are B 0 -weights. If b ∈ Blk(2 2 × 7 2 ) is stabilized by an outer involution of (2 2 × 7 2 :(3 × 2A 4 )):2, then its canonical character θ is stabilized by N B (7 2 ), so θ has an extension to N B (7 2 ) and b N B (7 2 ) has twenty-four weight characters, which form all twenty-four B 1 -weights. Finally, B 2 has 21 = 69 − 24 − 24 weights.
If 4 , which has sixteen irreducible characters, so that B has sixteen weights of the form (D, ϕ) . 
Radical chains
Let G = B, C ∈ R(G) and N(C) = N G (C). We will do some cancellations in the alternating sum of Uno's conjecture. We first list some radical p-chains C(i) and their normalizers for certain integers i, and then reduce the proof of the conjecture to the subfamily Tables 5 and 6 are given either by Tables 2 and 3 , or in the proofs of Proposition 5.1 and Lemma 6.1. Table 5 if p = 5, Table 6 if p = 3. Then
the union of G-orbits of all C(i). The subgroups of the p-chains in
Proof. Let C ∈ R(G) be given by (2.1), so that we may suppose that P 1 ∈ R 0 (G, p).
Let σ : 1 < Q = 5 3 < 5 2 .5 1+2 , so that σ : 1 < 5 2 .5 1+2 . Thus σ and σ satisfy the conditions of Lemma 2.1, so there is a bijection g from R − (σ,
and we may suppose that 5 3 ) ). In particular, we may suppose that P 1 = G 5 2 .5 1+2 , and if
) and (6.2) holds; hence, if
.4 2 and (6.2) holds. If P 1 = 5 1+4 , then we may suppose that C = G C (8) . 
A similar proof to that of Case (1) shows that we may suppose that
In particular,
We may suppose that 3 3 .3 6 , 3 2 .3 3 .3 6 .3 ∈ R 0 (M 2 , 3) given by (5.4). Then σ and σ satisfy the conditions of Lemma 2.1. A similar proof to that of Case (1) shows that we may suppose that
In particular, 3 , and so (6.2) holds. Thus if N(g(C ) ), and (6.2) holds. We may suppose that C = G C and C = G g(C ), so that if P 1 = 3 3 .3 6 , we may 3 , and (6.2) holds. We may suppose that C = G C and C = G g(C ), so that if P 1 = 3 3 .3.3 3 .3 3 , we may suppose that C ∈ G {C(9), C(10), C(11), C(12)}.
In particular, if
We may take
3 ) and (6.2) holds. It follows that if P 1 = 3 and P 2 = 3 2 , then we may suppose that C ∈ G {C(13), C (14) , C(15), C(16)}. 
Let σ : 1 < 3 < Q = 3 × 3 3+3 < 3 × 3 1+6 .3, so that σ : 1 < 3 < 3 × 3 1+6 .3. A similar proof to that of Case (1) shows that we may suppose that
2 ) and (6.2) holds. It follows that if P 1 = 3 and P 2 = 3 × 3 3+3 , then we may suppose that C ∈ G {C(19), C(20)}.
2 ) and (6.2) holds. If P 1 = 3 and
then we may suppose that C ∈ G {C(21), C(22), C(23), C(24)}.
It follows that if 3) . A similar proof to that of Case (1) shows that we may suppose that
In 
In particular, if P 1 = 3 6 , then
). We may take 6 , it follows that if P 1 = 3 6 , then C = G C(i) for some 29 i 36. If D(B) = 1 and p = 3, 5 , then
Remark. LetĜ = 2.B and let ξ be the faithful character of Irr(Z(Ĝ)) andB ∈ Blk(Ĝ) covering the block of B(ξ ).
C∈R(G)/G (−1) |C| k(NĜ(C),B, d, ξ, [r]) = C∈R 0 (G)/G (−1) |C| k(NĜ(C),B, d, ξ, [r]).
The proof of the remark is the same as that of Lemma 6.1, since N(C ) = N(g(C )) implies that NĜ(C ) = NĜ(g(C )).
The proof of Uno's projective conjecture Lemma 7.1. Let G be a finite group, and let B ∈ Blk(G) with plr(B) = 2 and abelian defect group D = D(B). Let O p (G) = R < D be radical, and let b ∈ Blk(N G (R)) with
Proof. Since R is radical and D is abelian, D is a defect group of b, plr(b) = 0 and plr(b) = 1. By [3] , we see that [3, Conjecture 1.3] holds for b; that is,
where w(H, Q) is the number of irreducible characters of H afforded by a Q-projective OH -module. By [13] , if (10))) with N(C (9) 
We Table 7 .
set k(i, d, r) = k(N (C(i)), B, d, [r]) for integers i, d and r. The values k(i, d, r) are given in
Case ( Suppose that B = B 0 ; suppose also that C ∈ R 0 with d (N (C) Table 8 .
Suppose that C ∈ R 0 with d(N (C)) = 10, so that C = G C(i) for 17 i 24. The values k(i, d) are given in Table 9 .
It follows that Table 10 .
Suppose that C ∈ R 0 with d(N (C)) = 13, so C = G C(i) for 1 i 4 or 9 i 12. The values k(i, d) are given in Table 11 . (D(B)), B, d, ξ, [r] ) are the same, and are given by (7.3).
Case ( Table 12 . Table 13 .
It follows that Table 14 .
It follows that Table 15 .
It follows that Table 16 .
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